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Measurement-device-independent quantum key distribution (MDI QKD), which eliminates all the
attacks from the eavesdropper to the measurement party, has been one of the most promising technologies
for the implementation of end-to-end quantum networks. In practice, the asymmetry of both sources and
channels is generally inevitable. Therefore, we propose a theory to analyze the performance when any
two MDI users in networks communicate using asymmetric sources in distinct single or multiple temporal
modes. As a specific application, we model to obtain the key rate of MDI QKD with a weak-coherent
pulse source and a spontaneous parametric down-conversion source, and compare the performance to the
cases with symmetric (i.e., identical) sources. The result demonstrates that the actual performance does not
degrade due to the asymmetry of sources. On the contrary, it maintains at a good level over the entire dis-
tance we study. This work provides a theoretical basis for analyzing and optimizing MDI-QKD networks
with asymmetric sources, thus paving the way for the practical deployment of completely asymmetric

MDI-QKD networks.

DOI: 10.1103/zw9s-ywd6

I. INTRODUCTION

Quantum key distribution (QKD) [1-3] has achieved
enormous development in the past 40 years. The inherent
security of QKD originates from the principle of quan-
tum mechanics [4—7], and thus it allows two remote users,
Alice and Bob, to exchange secret keys with information-
theoretical security. Moreover, QKD is the fundamental
step towards the future quantum Internet [8—12].

Although this technology is theoretically secure, prac-
tical implementations of QKD inherently suffer from
device imperfections, which lead to potential security
risks. Measurement-device-independent (MDI) QKD [13]
allows an untrusted third party to perform measurements
and announces the results, which eliminates all the attacks
from the eavesdropper to the measurement party [14]. MDI
QKD is mature and easy to implement, so it has been
studied worldwide with numerous remarkable achieve-
ments in theory and experiment [15—40]. Particularly, in
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MDI-QKD networks, the star topology is quite suitable,
in which the measurement unit is located at the central
relay [28,41,42]. Therefore, MDI QKD is a promising
scheme for metropolitan networks [28,43,44], and simulta-
neously an achievable and specific solution for upgrading
the trusted repeater quantum network [10,41].

However, these studies share a common limitation that
they assume symmetric channels and symmetric (i.e., iden-
tical) sources. In practical networks, it is unreasonable and
impossible to require all users to distribute symmetrically
at equal distances around the relay, and inconvenient for
network users to employ customized transmitters with the
same parameters. The countermeasure against asymmetry
channels has been solved by separately choosing intensi-
ties to compensate for different channel loss [16,45,46].
Nevertheless, research on asymmetric source communi-
cation, that is, communication using sources with distinct
waveforms in the frequency domain, is still lacking. In pre-
vious work on quantum interference [47—51], the case of
multiple photons is ignored or avoided. And their theories
only give the two-fold coincidence probability, without
considering the polarization degree of freedom. Simultane-
ously, it is challenging to extend the theoretical framework

© 2025 American Physical Society
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to include such information. Besides, how distinct multiple
temporal modes (see Appendix A for a specific concept)
match is still an unanswered question. All these problems
are obstacles to the construction of the MDI-QKD model
with asymmetric sources.

Now in this paper, we propose an alternative theory
to analyze how two parties communicate with asymmet-
ric sources in the MDI-QKD protocol, and attempt to
extend the protocol to the fully asymmetric scenario, refer
to Fig. 1. This theory studies the interference of multi-
ple photons in different temporal modes on beam splitter
(BS). In this process, polarization information can be nat-
urally contained. Generally, for two arbitrary light fields
with given wave functions in time or frequency domain, it
can be used to obtain the final state after BS. In principle,
this advantage allows us to perform the theoretical analy-
sis and optimization of the lower bound of the key rate in
MDI QKD with any asymmetric sources. Furthermore, we
decouple the intensity and the wave function of a practical
signal, so the method of enhancing the key rate with asym-
metric channels proposed in Ref. [16] is still effective. It is
noted that the theoretical framework we proposed can pro-
vide valuable theoretical fundamentals for implementing
the practical large-scale quantum network, in which users
usually hold diverse sources in communications. Based on
this, we can experimentally optimize the parameter set-
tings to attain the key rate nearly as high as the simulation
result.

This paper is structured as follows. In Sec. II, we first
introduce the theory of the interference of two single pho-
tons in different single modes, then we extend the method
to the multimode case, and give several examples as veri-
fication. In Sec. III, as a specific application, we consider
the communication scenario where one party uses a weak-
coherent pulse (WCP) source and the other uses a spon-
taneous parametric down-conversion (SPDC) source. We
start from a simplified scheme of the experiment setup,
then we give some details in this protocol and the sim-
ulation result, the curves of key rate versus distance and
data size. Simultaneously, we fix the detection efficiency
and dark count at the measurement party, and compare this
result with the key rates when both parties use identical
WCP sources and use identical SPDC sources. Finally, we
construct a hypothetical case where the experiment param-
eters are attempted without the theoretical guidance. We
arbitrarily choose several fixed parameters to compare the
performance of this system with the optimized one.

II. INTERFERENCE THEORY OF MULTIPLE
TEMPORAL MODES

Although there has been extensive studies [47—51] on
the Hong-Ou-Mandel interference [52] between a pair of
photons in different modes on the 50:50 BS, these studies
share a common limitation that they consider only a single

photon on a path, or even a single mode. Therefore, we
propose an alternative general quantum interference theory
to calculate the output results after BS.

In this section, we first introduce from the single-mode
case, and then extend the conclusion to the multimode
case. Finally, we simply verify this theory through several
examples with experimental evidence.

A. Single-mode interference

First, we define the creation operator in the temporal
mode (TM) ¥ (w) [47,53]:

al, = f doy (0)at (), (1)

where the wave function in frequency domain v (w)
is probability normalized, i.e., f do|y (w)]> = 1. See
Appendix A for the specific concept of “temporal modes.”
This expression can be seen as the coherent superposi-
tion of the single-photon state around the frequency w. In
other words, a single photon can be “created” around the
frequency w with the probability |y (w)|>dw.

Now we consider a creation operator in mode ¢. Gen-

erally, &T/j and &, do not commute. Similar to the method
used in Ref. [50,51], we define
¢ = (1L, ¥]1,9) = (0laya}|0)

= /dw/dw/llf*(a))w(w/)(OI&(CO)CAI%(CU’)IO)
= fdanﬁ*(w)w(w) ()

as the description of their temporal overlap, formulated
using Eq. (A2). Similarly, it can be calculated that

(a4-3}) = [ do [ v @pp@la).d' @]
- f doy* @)p(@) = c. 3

Now we can decompose Zz; into components “parallel” and

“orthogonal” to ay, that is,

al = caly + /1 —|cal. 4)

We prove the following three properties of the “orthogo-
nal” component &' below.

(1) Commutativity a, and &1 commute:

[ay,al]= (1 — )Py, a} — cal)]
=1 —[cH)Pc—ex)=0. (5
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(2) Orthogonality &1 |0} is orthogonal to &j/, |0):

(Lyll, L)y =01 - Iclz)"/2<0|&¢(&2 — C&L)IO)
=1 =)V (c—cx1)=0. (6)

(3) Canonical commutation relation

[av.a' 1= (1 — el 4, — c*ay,af, — cal)]

=1 (7)

) M1 =c*xc—exc 4+ |cf* x 1)

Based on these three properties above, we conclude that
operators &' and &1 are creation operators in distinct
Hilbert spaces. This conclusion explains why the states
obtained after TM decomposition are product states.

It should be emphasized that 211 is defined from two
modes ¥ (w) and ¢(w). In other words, we do not care
about whether &1 contains any other modes ¢ (w). Even
if ¢(w) is concluded, the three properties proved above

remain correct.

B. Multimode interference

In this subsection, we generalize the distinct single-
mode decomposition method from the previous subsection
to the multimode case. Let {{,(w)}"_, and {g,(w)}"_, be
two sets of orthonormal function bases, and

il = iaﬁ (a.)" ®)

n=0 i=1

R o] N i

A=Y ] (a) ©)
n=0 i=1

are two multimode creation operators, where

iy, = [ dov@i’ @, (10)
an, = / dwgi()a’ (o) (11)

are the creation operators of each mode; n = (ny,...,ny)
means there are n; photons in the ith mode; ¥ and ¢,
respectively, represent the set {y,(w)})_; and {@, ()},
Note that the so-called “single-mode decomposition”
actually involves two TMs, ¥ and L, then the approach
is to express each basis function in set {go,,(a))} _,asa
linear combination of the basis functions in another set
{wn(w)}n ,» that is, to connect the two sets of basis func-
tions via a unitary transformation matrix ¢: @ (w) = ¢y (w).

Another view is that we can decompose &L step by step

(let &LO = &Z) ;)- Now we can rewrite 21:;,:

nj

R 00 N N
Alzzﬁ"n ZCU&LJ
n=0 =1 \,=I
e} N (Cl a ij
=2 A ]! ZH"’” S

lm;[ly=n; j=1

where multinomial theorem and Eq. (A2) has been applied
in the last line, and now 4,, can be expressed as the form

similar to Eq. (8). In particular, if 212, has a more simplified
expression, such as the displacement operator of coherent
state, we do not have to perform Taylor series expansion on
it. A simpler approach is to directly decompose the creation
operators of this simplified form.

It should be emphasized that the equivalence in the
number of basis functions between sets {t/fn(a))} _, and
{@n(w)})_, is imposed solely to simplify the summation
notation; this is not a strict requirement in practice.

When interference occurs, coherent interference emerges
exclusively between v, (w) within the same mode, while
no cross-mode coherent interference takes place. The
resultant state manifests as a product state of independently
interfered modes.

C. Several HOM interference examples

We make three assumptions about the experimental
structure of HOM interference: (1) the transformation on
the creation operators by BS [54]

o B8 at + bt
NG
o ps af — bt

;)

(13)

(14

acts exclusively on the spatial (here path-encoded) modes,
leaving other degrees of freedom (TMs, polarization
modes, etc.) unaffected [50]. Therefore, the polarization
compatibility of our theory is natural; (2) the dark counts of
the detectors a and b, with detection efficiency 7, and n,,
respectively, are both zero; (3) all incident photons share
identical polarization.

Additionally, the last assumption is included only for
simplicity in the following discussion. If polarization
information is needed, a polarization degree of freedom
independent of the temporal mode can be attached to the
creation operator. A specific polarization-involved inter-
ference result can be seen in Sec. III.
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1. Single-photon single-mode interference

As a simple introduction, we consider the case that there
is only a single photon in TM v in path a, while another
single photon in TM ¢ in path 4. Then we can decompose
the creation operation in path b:

bl = cbl, + V1 —1cPbl, (15)
where ¢ = (0|8¢ BZ; |0). The input state can be written as

W) = 11, 9), |10}, = &}, 5] 10)
= &, (chl, + /1= [c[?B]) 10) . (16)

Then the output state after BS is

a2 = Z;r 2
|Wou) = [CM +/1 = [c?

AT A PN SN
a, +b —-b)
x LV 0). (17)
V2o V2
The state containing coincident count events is
V1i—1lc]? /.~ A
Weon) = Y- (LB}, —ayb1)10),  (18)
and the corresponding coincidence probability is
. mn
P(coin) = mi1z (Yeoinl Weoin) = =5 (1 = [cf*)
mn *
- (1 - [ oy @)
<[ dwmwz)w*(wz)) . (19)

If ny = np = 100%, this result is consistent with the result
in Ref. [47,51].

2. Multiphoton single-mode interference

Now we consider the coherent sources « in mode
and B in mode ¢, and the corresponding displacement
operator is denoted as lA)a,,/, () and lA)b,w (B). Similarly, we
decompose the initial state in path b:

1B,0), = Dyy(B) 10) = exp(Bb], — B*b,) |0)
— exp ([(ﬁciy; —Hc)
+ (/1= [c?b] —H.c)])10)
= Dy (BDy 1 (BT — |c]?) |0)
= [Be, ), 1B — [c|H) ™12, 1), (20)

where Baker-Campbell-Hausdorff formula [54] and Eq. (5)
has been applied in the third line. For an intuitive descrip-
tion of asymmetry reflected by ¢, we assume Gaussian-
shaped ¥ (w) and ¢ (w):

V() = e~ (@on?/207 1)

1/2
n1/401/

o(w) = e~ (@02)?/203 (22)

1/2
7l4g)

where o7 is twice the variance. Particularly, if there exists
a time delay t between these two spectra ¢ (w) and ¢(w),
the latter (or former) one should be revised into ¢(w)e'?.
By definition,

c=/1ﬁ*(a))(p(a))ei“”da)

|: (Aw)? + 01202212} |:,0"22w1 + olw, i|
=exp|— i 7|,

2((712 + 022) 012 + 022
where Aw = w, — w;. As the difference between two cen-
tral frequency and the delay increase, the coefficient ¢
reflecting overlap will decrease exponentially. For given
and fixed nonzero Aw and t, it can be proved that |c| <
exp(—Awt/2) with equality if and only if o) =0y, =
JAw/t. In extreme asymmetric case, ¢ will severely
degrade to zero, where no interference occurs.
The output state can be written as

(23)

o+ Bce o — Bc
\Ijout = ) )
| > V2 > V2 w>b
1—Icl2 1— e
Q)| )
Let
2 2
(= bR gl
(25)
e —BeP 1= P
Mo = ——"— + (Bl —

Because mode i is independent of mode L, based on
Eq. (B2) and Eq. (B5), the probability that there exist
n; (i = a,b) photons in path i is

RN BT
Pl‘(l’ll‘) = —' —We( l)ﬂll =€ ’ul—‘. (26)
n;! 0z" I n;!
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When #n; photons are incident on the detector, the click
probability [55] is Py, (click) = 1 — (1 — n)". So the coin-
cidence probability is

P(coin) = Y Py(m)[1 — (1 — n1)"]

m=0
o0
x> Pyl — (1= ny)"]
n=0
— (1 _ e—mua) (1 _ e—nzub) . (27)
If the coherent states input in two paths are completely
indistinguishable, ie., |c| =1, then u, = |a+ B|%/2,
wy = o — B|?/2, and thereby
—mila+B2/2) (| _ gmmla—p/2)
(28)

P(COin)||c\:1 =(1—e

where we attribute the phase of ¢ to f. If they are
completely distinguishable, i.e., ¢ =0, then u, = u, =
(la|? + |B1%)/2, and thereby

[1 _ e—m(la\2+\ﬂ|2)/2]

% [1 _ e*nz(lalzﬂﬁlz)ﬂ] Q9

P(coin) |C=0 =

These two results are consistent with the result in Ref. [56].

3. Single-photon multimode interference

We consider the interference of a pair of entangled pho-
tons generated in the SPDC process, which is detailed in
Appendix A. Given by Ref. [47,48], the initial state can be
written as

Vi) = f dos / doif (@, 0 ()] () |0)

_Zﬁawm (pm > (30)

where Eqgs. (A5)+A7) has been applied in the last line. The
next step is to introduce a unitary transformation matrix ¢

to decomposition by :

bl j{:cmn - (31)

where ¢, = <0|B¢,n13;,m|0>. At this time, the initial state
can be rewritten as

jg: Cons/ Pl b, (32)

m,n=1

Note that now aw and bJr are in the same TM, for sim-
plicity, we omit the subscrlpt Y. After BS, the final state
and the containing coincident count events are

out E cmn m

m,n=1

ay, + bl ) — by

5 10y, (33

—alhhioy. (34

com =

Z cnny/ 3 (@},

mnl

Therefore, for ideal detectors (n; = n, = 100%), the coin-

cidence probability is

P(COiIl) = (‘choinl"yout)

N
Z C:;znck[\/ Ak (BmkOni — SnkOmi)

m,nk,l=1

Z)\m Z |Cmn| - Z Cmncnm

m=1 myn=1

_ 5 1 Z m/dwlwnw@m(wl)

mnl

x / oy (02) gn(@2)

I 1 Y
=5 E/dm/dwz;\/ﬁ‘ﬁ;(@)w;(w‘)

N
X D N hatn(@)@n(@2)
n=1

1 1
= 5 — E/da)l /da)zf*(a)z,(l)l)f(wlaw2)>
(35)

where the unitary property of matrix ¢ has been applied
in the third line. This result is consistent with the result in
Ref. [47,48].

III. MDI QKD WITH ASYMMETRIC SOURCES

In this section, we formally analyze the asymmetric
MDI-QKD protocol where the two communication parties
use a WCP source and a SPDC source, respectively. First,
we introduce an experimental setup for implementation.
Secondly, we decompose the coherent state in the TMs of
the signal photons from certain SPDC source, and calculate
the interference result. Thirdly, we consider the finite-size
effect, which introduce statistic fluctuations, leading to
lower key rate and necessarily more optimization param-
eters. Finally, we present a comparative analysis of the key
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Symmetric MDI |:|

Asymmetric Channels

Semiasymmetric
Relay L

Asymmetric Channels
Fully Asymmetric P N

& Sources

FIG. 1. Scheme of the evolution of the asymmetric MDI QKD.
The structure at the top is the typical symmetric MDI QKD, in
which two users have identical sources and distribute at equal
distances. The next structure shows that the distances from the
two users to the relay differ. Now we take this asymmetry of
MDI QKD a step further: we consider that the sources of the two
users are asymmetric. This is what the structure at the bottom
demonstrates.

[

rate simulations for symmetric WCP sources, symmetric
SPDC sources, and asymmetric sources mentioned above.

A. Expected experimental structure

According to the experimental setup in Ref. [57], we
give a simplified scheme of the structure in Fig. 2. To facil-
itate simulation, we assume that the probability normalized
laser waveform of in the frequency domain is independent
of the laser intensity. Therefore, the waveform of the WCP
source and the pump pulse in the SPDC process are the
same, which is assumed to be Gaussian shaped:

1 w — @)?

Ol()(a)) = W eXp [—%] . (36)

The Gaussian filter is used to suppress noise and obtain
higher spectral purity [58], whose mathematical form is

2n
F,(w) =exp |:—22"1 In2 (a) — a)o) :| , 37

WFWHM

where n is a positive integer and wpwyy 1S the full
width at half power, i.e., |F,(£orwam/2)|> = 1/2. The
final waveform of WCP source and SPDC source are
(@) = ay(@)F (@) and g(wy, ;) = f (@, 0)Fs(,) Fi(w;),
respectively.

B. Interference of WCP source and SPDC source

As a specific example of the MDI QKD with asymmet-
ric sources, we let the signal photons from an SPDC source
and coherent photons interfere on BS. It is the interfer-
ence of single-mode photons and multimode photons. We
choose the TMs of signal photons shown in Eq. (A3) as a

WCP Source

SPDC Source

FIG. 2. A simplified scheme of experimental setup. The emit-
ted pulse laser beam is split into two components: one is utilized
as the WCP source after a Gaussian filter, while the other
is employed as the pump pulse in the SPDC process. SHG
means second-harmonic generation process. These two beams
are then subjected to MDI-QKD protocol implementation, with
interference occurring at a 50:50 BS.

set of orthonormal function bases. From Egs. (12) and (20),
the initial state of the WCP source can be decomposed into

N

), = (X leci) s

i=1

(38)

where

¢; = (0lby b} 10) = / doy (w)a(w). (39)

We assume that the dark count rate dg and detection
efficiency 7ns of the detectors at the measurement party
(Charlie) of the MDI-QKD protocol are also identical. In
such a case, we can attribute the detection efficiency to
the channel loss [59], and the PND of # photons and the
probability of k photons after the channel are

1o X 2 "

— (z—Dlecil — e hI
Pumy =20 5o ge . TR

m; ki m;—k;
@®=§JTQ)%ngtﬂm>
m>ki=1 N
N Vi

— o sk 1—[ (Msiti) (41)

k!

i=1

where u; = |ac;|> and u = ||> = vazl ;. See Appendix
C for the detailed derivation process of these two results
above.

C. Optimization with finite-size effect

We use the general framework for multimode-photon
interference proposed in Ref. [60], and apply the three-
intensity decoy-state method [61,62] to get the overall gain
and quantum bit error rate (QBER) in rectilinear (or Z) and
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diagonal (or X) bases, respectively. In practice, the number
of communication rounds N are experimentally finite, then
the finite-size effect, essentially the statistic fluctuation,
should be considered.

First, the product of the calculated total data size N and
the overall gain Q corresponds to the counts of successful
events measured in the experiment; and the product of N
and QBER E corresponds to the number of error bits. We
denote u, v as the intensities from two parties, Alice and
Bob. Because the formulas [13]

O =Y Pu(m)Py(n) Y, (42)
m,n=0

EuQuv =Y Pu(m)Py(n) Ve (43)
m,n=0

are applicable only to asymptotic cases, that is, the size of
data is infinite. Therefore, we must estimate the lower and
upper bound of the expected value £ (X ') with the measured
value X [63]:

EHY L) = (44)
U1+ 81(X,6)
BV, = — (45)
’ 1—8(X,&)
where §, &, satisfy the following equations:
In&
3 — (1 +4y) 1n(1+51)+7 =0, (46)
In&
8+ (1 =46 [In(1 _52)4‘7 =0, 47)

where £ is the failure probability.
Consider that Y,,,, e, < 1, we set a cutoff number of
photons Ny, then the linear programming problem is

Nmax
0< Qu— Y Pu(m)Py(m) Yoy
m,n=0
Nmax
<1=Y Pu(m)Py(n), (48)
m,n=0
Nmax
0< Equ/w - Z Pu(m)Pv(n)Ymnemn
m,n=0
Nmax
<1- Z P, (m)P,(n). (49)
m,n=0

After we obtain the lower bound of the expected value
of Y1 and the upper bound of the expected value of Y} e,

it should be noted that the experimentally measured values
still exhibit statistical fluctuations relative to the expected
values. So we use the Chernoff bound [63] to estimate a
lower Y;; and a higher Y; e;;:

0Y(Y,8) = [1+68,(Y, )17, (50)
0(Y,8) = [1 = 8,(Y,§)]Y, (51

where O is the observed value, ¥ = E(O) is the expected
value, and 8, &) satisfy the following equations:

4 / I lng

S -+ +8) - = =0, (2)
1

8+ (1—8)In(1 — &) + HTS =0.  (53)

Finally, we obtain the key rate as conservative as possible
in the experiment.

D. Simulation results

In this subsection, we give a clear comparison curve of
key rates from different sources. We denote W as WCP
source and S as SPDC source. To determine the proportion
of each mode in the SPDC source, we consider the down-
conversion process 532 nm — 1064 nm + 1064 nm. For
simplicity and intuitiveness, we assume phase matching.
The standard deviation of the Gaussian-shaped pump pulse
is 5 ps, and the FWHM of the filter wpwuy = 600 GHz.
The frequency spectrum and the corresponding spectrum
of the first and second modes have been shown in Fig. 6.

In simulation, we set ng = 60%, ds = 10~° for Char-
lie, and n; = 90%, d; = 1076 for both Alice and Bob; the
loss per kilometer is @ = 0.2 dB/km; the misalignment
error is e; = 1.5%); the failure probability when estimating
Chernoff bound is £ = 1077; the cutoff number of photons
in linear programming is Ny.x = 0.

We optimize the intensities of decoy and signal states
v, i, respectively, and the four probabilities that Alice
and Bob choose u or v in Z or X basis. The parame-
ters to be optimized amount to 6 in symmetric W-W and
S-S communications, and 12 in W-S communication. We
apply the particle swarm optimization (PSO) method to
obtain the initial (i.e., lossless) global optimal point. As
channel loss increases, an improved search algorithm is
applied, and each point to be optimized starts with the pre-
vious optimal value. Based on Gottesman-Lo-Liitkenhaus-
Preskill (GLLP) formula [64], the key rate formula [63] we
utilize is

R > pZ p? (P, (DP,(DY[1 — Hy(el)]

K4

= Qs Epipu) HEf 1)), (54)

where p/7 and p/, denote the probability that Alice and
Bob choose signal state in Z basis, respectively; H,(x) =

044045-7
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FIG. 3. This figure shows the key rates variation with distance

between Alice and Bob. The blue dashdot line, purple dash-
dot line and the red solid line represent W-W, S-S, and W-S
communications, respectively. We set the data size N;o; = 102

—xlog,x — (1 —x)log(l —x) is the binary Shannon
entropy; Y7, and e}, denote the single-photon yield in Z
basis and QBER in X basis, which can be seen as the

) .' P
phase error in Z basis; Q/Zu up and £ denote the overall

gain and QBER in Z basis; f (E# , ) ~ 1.16 is an ineffi-

N R HAMB
ciency function for the error-correction process [13]. The

simulation results are in Fig. 3 and 4.
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;
1074 . L L L L |
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Total Number of Signals Sent by Alice and Bob

FIG. 4. This figure shows the key rates’ variation with the total
number of signals sent by Alice and Bob, ranging from 108 to
10'*. The blue dashdot line, purple dashdot line, and the red solid
line represent W-W, S-S, and W-S communications, respectively.
And the blue dotted line, purple dotted line, and the red dashed
line represent the corresponding asymptotic key rates. We set the
detection efficiency ng = 60%.

1072
— Optimized
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=
&b

1077
10—8 1 1 1 1 1 L 1 1 1
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FIG. 5. This figure shows the key rates variation with dis-

tance from Alice to Bob. The red solid line, blue dashdot line,
green dashdot line and purple dashdot line represent the key rates
optimized and calculated in three arbitrarily given parameters,
respectively. All simulation parameters remain unchanged. The
fixed parameters we choose are from the optimal parameters at
distances of 20 km, 80 km, and 140 km.

Figure 3 demonstrates that at low loss, the single-photon
yield Y}, plays a dominant role in GLLP formula. Since
the heralded single-photon source (here, an SPDC source)
requires joint response monitoring with local detectors, its
single-photon yield in Z basis Y7, reduces. Consequently,
the key rates of W-W, W-S, and S-S communications
decrease sequentially. As the loss increases, the number
of successful events decreases, and the effect of QBER
becomes gradually significant. At this point, if the local
detector triggers, the probability of vacuum emitted by
signal or decoy state is equal to d;, which is tiny, thus low-
ering the QBER. Therefore, at a long distance, the key-rate
result is exactly the opposite. Overall, W-S communication
combines the features of the WCP source and the SPDC
source, which manifests not quite low key rate over the
entire selected distance range.

Figure 4 demonstrates that the variation of the data size
does not affect the relative relationship of the key rates in
different communications (at least at low loss). And the
overall growth trends of all key rates are similar, slowing
when the data size exceeds 10'2.

In addition, we choose the tenth, fortieth, and seventieth
optimal parameters, that is, parameters at distances of 20,
80, and 140 km (see Appendix E), and fix them at any dis-
tance. That is the reason why the optimal curve and each
of the curves with fixed parameters Fig. 5 have an intersec-
tion. The result shows that, if we conduct the experiment
of MDI QKD with asymmetric sources without this theo-
retical guidance, the performance at short or long distance
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0) and use Gaussian filters F'(w) to suppress noise, that is, the JSA

is now f (wys, w;) = a(wy + w;) Fs(ws)Fi(ws). The specific expression of Gaussian filters is shown in Sec. III A. For Gaussian-shaped
o(w), (a) shows the JSA relative to its maximum value; (b) shows the mode proportion comparison between SPDC source (blue bar)
and WCP source (orange bar), in which the purity of the SPDC source is defined as Zf;l A2, The “multiple modes” of coherent
state originates from the decomposition under the modes of SPDC source; (c),(d) show the first and second mode of the JSA to their

maximum values after Schmidt decomposition.

becomes significantly worse. Besides, all the cut-off dis-
tances with fixed parameters fall far short of the optimized
cut-off distance.

At the end of the main text, we consider the practi-
cal scene and make a brief discussion. In principle, any
type of data postprocessing could not rebuild the detailed
original information of the two spectra ¥ (w) and ¢(w).
Actually, ¢ eliminates the details of two spectra, yet all
observables relate to ¢ at most. In other words, it is
impossible to deduce the specific waveforms of the fre-
quency spectra from these observables. In fact, the thing
to be most concerned about is not the spectra themselves,
but their differences (or overlaps), that is, the coefficient
= [V (@)p@do.

Since our expression is general with no assumption, for
local test, we can estimate the expected visibility according
to our priori knowledge on or parameters of the apparatus
in advance, or directly conduct a simple interference exper-
iment. If it is feasible experimentally, we can go further
considering the possible performance in QKD.

For practical and large-scale applications, we believe
that users usually have no approach for local test. There-
fore, fundamental information such as the trusted ranges

of waveform, central wavelength (ideally Gaussian, or typ-
ically Lorentzian) and linewidth should be provided by the
device suppliers. Before two users connect, the communi-
cation relay estimates the most conservative performance
and distributes corresponding extra sources.

IV. CONCLUSION

In summary, we propose a general theory of quantum
networks for analyzing and optimizing the interference of
any different sources in different temporal modes. This
method would be the theoretical basis for addressing the
key-rate degradation due to the asymmetry of sources in
future applications.

As a practical application, this theory demonstrates the
performance of W-W, S-S, and W-S communications. This
result demonstrates that the features of the asymmetric
sources from both parties are reflected in the key rate.
It means that the asymmetry of sources might not be an
obstacle for the implementation of quantum networks. Fur-
thermore, this theory manifests that for better performance,
it may be a possible scheme to modulate two sources to
make their TMs match.
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APPENDIX A: BASIC PRINCIPLE OF SPDC
SOURCE

In this section, we will give an introduction to the basic
principle of SPDC source and the photon number distri-
bution (PND) of this entanglement source. Starting form
the Maxwell’s equations, the effective interaction Hamil-
tonian of the SPDC process has been given in Ref. [65]
in detail. Considering that the effective Hamiltonian of the
SPDC process has been studied widely [58,60,66—69], here
we only care about the specific mathematical form of the
effective Hamiltonian:

H =cC / dy / dof (o, 0! (w,)a) () + Hee.,
(Al

where C is a constant, w, (x = s,i) are the frequency of
the signal and idler photons, respectively, and &i (wy) are
the corresponding creation operators at the frequency ws,
which satisfy the commutative relation

[ (), ] (@])] = 88 (0 — @)). (A2)

In particular, the joint spectral amplitude (JSA)
[ (ws, w;) reflect the probability amplitude of this entangled
photon pair in frequency, which can be expressed as

f (wSaa)i) = O[(a)s + wi)q)(wSaa)i)a (A3)

where o(w) is the pump envelope function, and
® (ws, w;) is the phase-matching function [66]. o(ws +
w;), P (ws, w;) reflect the conservation conditions of energy
and momentum, respectively. In a uniformly polarized
nonlinear crystal,

® (wy, w;) = sinc

Ak(a)n wl)L < Ak(a)s’wl)L>

———Xpl|\t1——— ),
2 2

(A4)

where Ak = ky(wy) + ki(w;) — k, (w,).

Now we choose the JSA to be probability normal-
ized, ie., [[ doydw;|f (ws,w;)|* =1, and then apply the
Schmidt decomposition [70] to Eq. (A3):

[ (@ o) =Y hn@)ga(@),  (AS)

n=1

where {,,(w)}72 | and {¢,(w)};2, are two sets of orthonor-
mal bases. Intuitive results of these spectra are shown
in Fig. 6. In fact, the eigenvalues {A,};°,, which satisfy
> 22 | kn = 1, decay rapidly with the subscript n for SPDC
source, we usually set a cutoff mode number N. This
expression reflects the inherent entanglement properties
of SPDC sources. Law et al. [70] named {1y, (a))}ﬁ,\’:1 and
{<,o,,(a))}f:’:1 as the “temporal modes” (TMs) of signal and
idler photons as early as 2000, after that numerous research
on TMs of SPDC sources has emerged [53,71-73]. From
this perspective, we can regard JSA as the coherent super-
position of these TMs. For a given subscript n, ¥, (), or
ou(w) represent a frequency-domain wave function.

From Eq. (A5), we can define effective single-mode field
operators by

it = / dogPn(@0)a (@), (A6)

bl = / dwign ()] (). (A7)
It is easy to see from Eq. (A2) that

(s @1 = [y D] = Sy (A8)

We assume that the initial state is vacuum state, then the
finial state after evolution time # [67] is

A
W) = exp (l—hf) 10)
N C
=) exp [ﬁ (\/fn&;i); + Hc>:| 0).  (A9)
n=1

Let n; = iCy/A;/h, and denote exp(—nk?z,tl;z + niaghy) as
S‘k(nk), then the state of the Ath mode

W) = Sie) 10) = Y v/Prlme) g, m)

ny=0

(A10)

is a two-mode squeezed state [54], whose probability of
ng-photon pair is

nj
M

Pr(m) = P

(A1)

where p; = sinh? || = sinh?(Cy/Ar/h).
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APPENDIX B: GENERATING FUNCTIONS

For a given discrete probability distribution P(n), its
generating function is defined as

g@) =) P2)2". (B1)
n=0

For example, if discrete random variable X follows the
Poisson distribution with parameter u, then its generating
function is

e M
glz)=¢e “Z;z =l K, (B2)
n=0
The generating function of thermal distribution
P(n) = p' /(14w is
o (u2)" 1
z) = = . B3
g() g(lw)m e CE)

Generating function possesses a desirable property. If
the probability mass function of random variable X; (i =
1,---,N) is Px;(n), then the distribution of the random
variable Z = Zf\i | Xi can be calculated as

N
Pz(ny =Y []Pu(n) = Px,(n) % - % Py (n),
[nlly=n i=1

(B4)

N .
where n||; = .., n;, the symbol “+” means convolution.
The generating function can be written concisely:

00 N
gz@) =Y 2" Y []Pxtw

n=0 |n|l;=n i=1
oo N N

=Y []Putz =[]en@. B
n=0 i=1 i=1

That is, the generating function of the sum is the product
of all the individual generating functions.

APPENDIX C: CALCULATION OF THE PND OF
WCP AND SPDC SOURCES BEFORE AND AFTER
THE CHANNEL

We utilize the MDI-QKD framework proposed in Ref.
[59,60] to obtain the overall gain for multimode input.
In the following discussion, we denote the conditional
probability P(A4|B) as Pg(A4). Assuming a local threshold
detector with dark count rate d; and detection efficiency

nr, the triggering probability when k photons are incident
is [60]

Py(trigger) = 1 — (1 —dp) (1 — np)~. (C1)

It is reasonable to posit that the response of the local
detector to k& photons states is independent of the inten-
sity u of the SPDC source generating such & photons, i.e.,
Py (trigger) = P, x(trigger). We denote k = (ki, . .., ky) as
the event that there are &, photon pairs in the k,th mode
from SPDC source, and denote ||*]|; as 1-norm of a vector.
From Eq. (A11) and the discussion of the independence of
different TMs in Sec. I A, the total PND of SPDC source
is

N ki

Pu(k) = Pyu(ki,... k) =[] q +“"

— M (2
N1+k;
il mi)'

From Egs. (B3), (B5), and (C2), the generating function of
the probability distribution {P, (k)};2, that SPDC source
emit £k = ||Kk||; (k= 1,2,...) photons is

N

g =]

i=1

1

_ C3
L+ pi —zp ©3)

where p; = sinh?(Cy/%;), and thus

- 1

e nl 9z oy L=z o

1 9"¢(2)
Ful) = o

(€4

It should be noted that this expression is only suitable for
theoretical analysis. When simulating, numerical convolu-
tion

ny nN
My My

P,(n) = —(1 FRpYETT (1 + py)

(©5)

is a more computationally tractable solution.

We assume that the dark count rate dg and detection effi-
ciency ng of the detectors at the measurement party of the
MDI-QKD protocol are also identical. In such a case, we
can attribute the detection efficiency to the channel loss
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[59], and the probability of k photons after the channel is

fu(k) = Py(trigger)

n>k

x 1"[( )ns(l — 15)" K P,y (m)

N ,
_ l—[ (nss)
LI+ )

x Y [1- (= - T

n>0

Xlﬁ[(ni+k,-)! (1= 1"
s 1+ i ’

where n > k means that for each mode i, n; >k
holds true. We denote Cy_1 = (1 — d;)(1 — n,)zz,lki(l -

N—-1 .
=t " x = (1= o)y /(L+ py) < 1y = (1= n)x
< 1, and consider the sum

(ny + ky)!
PR G

ny >0

(Co)

— Cy—1y™)

|
|
N

| £
N
.

=

=

|

)
=
By
=
= =
=
v

k
- (k m O
=Z<,jj>(—1) o [ =™

m=0
— Cy (1 =yn)" ']
ol 1 Cn—1
— N (1 _x)kN+1 B (1 _y)kN+1
1+/1/N )kN+l
= ky! _ —Cy_
N {(1+775MN M

|: 1+ILN :|kN+l (C7)
1+ (1 + ns — nims) iy '

Similarly, each factor (1 — 5;)" in Cy_; can provide a sum
result

1 i ki+1
! [ e } . (C8)
1+ (0 + ns — nims) i
Therefore, the final calculation result of Eq. (C6) is
N k:
(Mspi)™
Jinsrigger(K) = ]:[ Txnggis ~ =
N .
[(1-— ik
<T1 [(1 = n)nswi] (€9)

L [L+ (s +np — nsnppi] '+

For WCP source decomposed in orthonormal temporal
modes in Eq. (38), we adopt the same approach and obtain

f k) = Z]‘[ ( ) ng (1 — ns)" 4P, (n)
n>k i=1
_ (ﬂslil [(1 — ns) i)™
— l_[ Mi Z ni!
n;=0
N N7
— e ] —(”S]g!’) : (C10)

i=1

where u; = |ac;|?> and = |a)?

PNDis P, (n) = e #u"/n!.

=" . The total

APPENDIX D: THEORETICAL ANALYSIS OF
THE VISIBILITY WITH WCP SOURCE AND
SPDC SOURCE

Since the expressions of overall gain and QBER are
tough for theoretical analysis due to the over generality
in Ref. [59], we will apply a more simplified method for
given PND.

The local detection operator can be described as the
projector

M=k k= &

k- =k

|k;) (ki (D1)

with corresponding probability 1 — (1 — d;)(1 — n;)¥, fol-
lowed by a partial trace operation on the system of idler
photons. Note another fact that the quantum channel can
be equivalently regarded as a beam splitter [47] with trans-
mittance 7, while the remainder of the signal is leaked or
consumed. In other words, for the export we concern, the
transformation on the creation operator is a' — /na’. In
this case, for simplicity, we temporarily attribute n to ng
and omit 5g. After temporal-mode decomposition, the joint
state after 50:50 BS in the ith mode can be expressed as

W) 4 leees) p = Sai(n)Dpiaey) 10)
BS ¢ ni \ & ni
Suil—= ) Ssi | —=
o <ﬁ) » (ﬁ)
x Dy () Dpi (-2 ) 10y, (D2)
"\Vv2) T\ V2

where A, B represent the sides belong to Alice and Bob,
respectively. For side (or path) 4, now we execute the
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TABLE L.

The fixed parameters chosen from the optimal parameter of asymmetric sources.

Z Z X
Vi Hi PVI Pm Pvl

X Z Z X X
Py, V2 K2 P, P, Py, P,

Parameter 1  0.0066 0.4225 0.0358 0.8754
Parameter 2 0.0082 0.2671 0.0680 0.7453
Parameter 3 0.0134 0.1588 0.1249 0.5094

0.0788  0.0091
0.1612  0.0200 0.0624 0.4287 0.0703
0.3124 0.0411

0.0542  0.5774 0.0344 0.8757 0.0500
0.7466 0.1035
0.1177 0.5144 0.2014

0.0055
0.0147

0.0812 0.3583 0.0412

projective measurements on idler photons:

Ps,i(k) = Trigier [HkSA,i (%) 10) (O] 32,,- (%)]
= QQ  Pulk) k) kil (D3)

Ky +hy=k

where P;(k) = pf /(1 + p)%*! and p; = sinh? |n;/v/2],
then the density operator of the system of signal photons
can be written as

psiga = Y _ [1 = (1 = dp)(1 — )] peit)
k=0
N o
= [1— A —dn — )] Pillks) ki) (il
i=1 k=0
(D4)
and the total probability of local triggering is
N
P(trigger) = Trpggna = 1 — (1 —dp) ]:! TR
(D5)
We denote the ith mode of pgignal as oy, that is,
poi =Y [1 = (1= d)(1 = n)] Piko) Ik (ki . (D6)
k=0

Since the majority of noncoincidence is caused by vacuum,
we only concern the vacuum probability of the ith mode:

P4i(0) = (0]Dgi(@;) pyiD) ()10
_ 1 [e*|ai\2/(1+ﬂi)
1+ i

— (- d[)e—<1+nm,->\ai|2/<1+u,->] ,

(D7)

where o; = ac[/\/i. Therefore, the total probability of
vacuum is Py(vac) = ]_[fvz 1 P4,(0). By replacing o, n; to
o /ns,ni/Ns, the final click probability, P,(click), of

Charlie’s detector in path A can be expressed as

N
1 2.2
Py(click) = 1 — (1 — ds) 1_[ [e—r/slal leil®/2(1+ )
oy L

—1- dl)e—(1+ﬂ1ui)nsla\2\Ci\2/2(1+ui)]’ (D8)

where p1; = sinh? |1;4/ ns/2|. Consider the function f (x) =
e™ — (1 —dpe Hmwx (x > 0). Usually d; < niu; <
1, and therefore, when xo = In[(1 — d;)(1 + n;u)]/ (i),
function f (x) achieves the maximum. Thus, for any tem-
poral mode of WCP source, the click probability for path
A is lower bounded by

N
(I 4+ )+ nrps)

1 I/nrpi
[(1 —dp(1+ nmi)] }

It is similar for path B. With this simplified expression, if
we can have a prior knowledge or estimation of ¢; (e.g.,
experimental measurement), we can further judge whether
MDI QKD with these two asymmetric sources is feasible
through a predetermined lower bound of the visibility.

Py(click) > 1 — (1 —dy) max{

(D9)

APPENDIX E: FIXED PARAMETERS CHOSEN
FROM THE OPTIMAL PARAMETERS

Here we list the fixed parameters used in Fig. 5. The
symbol used in Table I is as follows. v, u are, respec-
tively, the (intensities of) the decoy and signal state;
PP (« = u,v, B=2Z,X) is the probability that the state
« in B basis is chosen; the subscripts 1 and 2, respectively,
represent the parameters of the SPDC source and the WCP
source.
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